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1. INTRODUCTION
Several properties P of loops are known such that isotopic loops with
w xproperty P are isomorphic 5, pp. 57, 58 . For example, isotopic free loops
w xare isomorphic 7 , isotopic commutative Moufang loops are isomorphic,
w xand isotopic totally symmetric loops are isomorphic 3 . Here we shall
prove that if two loops are isotopic and both have transitive automorphism
groups, then they are in fact isomorphic. This result generalizes an earlier
theorem of the author showing that this is the case when the loops in
n w xquestion have order p q 1, where p is a prime 6 .
 .A quasigroup G, ? is a set G with a binary operation ? such that for all
y, z g G each of the equations
x ? y s z
y ? x s z
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has a unique solution for x. G is a loop if it is a quasigroup and has a
two-sided identity element e . For details on quasigroups and loops, seeG
w x w x5 or 15 .
 .  .  .An isotopism a , b , g from a quasigroup G, ? to a quasigroup H, (
is a triple of bijections a , b , g from G to H such that for all x, y, z g G,
x ? y s z m xa ( yb s zg . 1 .
An autotopism is an isotopism from a quasigroup to itself. The set of
 .autotopisms of a quasigroup G forms a group A G . An isomorphism is an
isotopism such that a s b s g . In this case we shall sometimes denote the
isomorphism by the single map a . Note that an isomorphism of loops must
take the identity of one loop to the identity of the other. The automor-
 .  .phism group, Aut G , of a quasigroup G is clearly a subgroup of A G .
The automorphism group of a loop is said to be transiti¨ e if it acts
transitively on the set of nonidentity elements of G. We shall sometimes
abbreviate ``transitive automorphism group'' to ``tag,'' saying that a loop
with transitive automorphism group has tag and calling it a tag-loop.
w xBruck studied tag-loops 4, 5 , showing, for example, that finite tag-loops
are simple. Examples of tag-loops include neofields, introduced by Paige
w x w x14 ; one-sided neofields 12, 9 ; and division neo-rings, introduced by
w xHughes 10 .
 .In Section 2 we present some standard loop-theoretic lemmas and
develop a criterion for isomorphism of isotopic loops. In Section 3 we
specialize to tag-loops and prove the main theorem, that whenever two
such loops are isotopic, they are isomorphic. Finally, in Section 4 we give a
classification of tag-loops and examples of each class, and compare the
results with the classification of loops with sharply transitive automor-
w xphism groups given by Barlotti and Strambach in 1 .
2. LOOP-THEORETIC PRELIMINARIES
In this section we present the loop-theoretic results which we shall need
in what follows. Most of these can be found, either explicitly or implicitly,
 w x.in the literature see especially 15 , but we include them in order to set
up a framework for the results in the following sections.
When considering the action of isotopisms and autotopisms of loops, we
 .shall often find it convenient to think of a loop G, ? in terms of the set
 .T of all ordered triples x, y, z of elements of G such that x ? y s z. TheG
definition of a loop guarantees that any two coordinates of such a triple
uniquely determine the third. The set T may be regarded as the CayleyG
table of G, where the first coordinate denotes row, the second denotes
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 .column, and the third denotes entry. An isotopism a , b , g from G to H
 .  .takes x, y, z g T to xa , yb , zg g T . Hence, by an abuse of nota-G H
 . tion, we shall write G a , b , g s H. This point of view is closely related
w xto the concept of a net or web 1, 15 , but we shall not make explicit use of
.nets in this paper.
 .  .Given a loop G, ? and an element x g G, let R x : G ª G denoteG
 .right multiplication by x; i.e., for all y g G, yR x s y ? x. SimilarlyG
 .L x will denote left multiplication by x. When it is clear in which loopG
the multiplication is taking place, we shall drop the subscript and write
 .  .R x or L x . Our first lemma characterizes certain special isotopisms
which we shall encounter frequently.
 .  .LEMMA 1. Let a , b , g be an isotopism from the loop G, ? to the loop
 .H, ( .
 .  .  .a bL e a s g s aR e b .H G H G
 .  .   .  ..b If e a s e , then a , b , g s a , aR e b , aR e b .G H H G H G
 .  .   .  ..c If e b s e , then a , b , g s bL e a , b , bL e a .G H H G H G
 .  .d If two of a , b , g take e to e , then a s b s g , so a , b , g is anG H
isomorphism.
 .Proof. a For all x g G we have e ? x s x, soG
xg s e a ( xb ,G
 .whereby we see that g s bL e a . On the other hand, x ? e s x givesH G G
us
xg s xa ( e b ,G
 .  .  .  .so g s aR e b . Statements b and c follow immediately, and dH G
 .  .follows easily from b and c .
Let G be a loop. A bijection a : G ª G is a right pseudo-automorphism
  .  ..  .of G if there exists c g G such that a , aR c , aR c g A G . In this
  .  ..case, c is called a companion of a . Note that applying a , aR c , aR c
 .to e ? e s e gives us ea s e. From this and part b of the lemma, it is easy
to show that the set of right pseudo-automorphisms of G forms a group
 .P G , consisting of all permutations a of G such that ea s e andr
 .  .a , b , g g A G for some b , g . Left pseudo-automorphisms are defined
 .analogously and form a group P G . Unfortunately, the term ``middlel
pseudo-automorphism'' does not seem to exist in the literature. Let us
 .  .define it now. Note that if a , b , g g A G , then
y1 y1
a , b , g s g R eb , g L ea , g , .  .  . .
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 .by part a of the lemma. If, furthermore, eg s e, then ea ? eb s e.
  .y1  .y1 .  .Conversely, let g R y , g L x , g g A G and x ? y s e. Applying
  .y1  .y1 .y1g R y , g L x , g to x ? y s e gives us
egy1 s xR y gy1 ? yL x gy1 .  .
s x ? y gy1 ? x ? y gy1 .  .
s egy1 ? egy1 ,
but since the only idempotent in a loop is the identity, egy1 s e, so eg s e.
 .In this case we shall call g a middle pseudo-automorphism with right
companion y. The set of all middle pseudo-automorphisms forms a group
 .P G as before.m
Throughout this section and the next, we shall assume that whenever
any of the loops we are considering have the same cardinality in particu-
.lar, if they are isotopic , they have the same underlying set, denoted by X.
For example, if G and H are finite loops of order n, we may assume that
 .  .  4G s X, ? , H s X, ( , with X s 1, . . . , n . This convention allows us to
view isotopisms between loops as triples of permutations of X. We shall
use i to denote the identity permutation of X.
 .Given a loop G s X, ? with identity e and elements f , g g G, we can
 .define a new loop G s X, ( byf , g
y1 y1x( y s xR g ? yL f . 2 .  .  .G G
In other words
G s G R g , L f , i . 3 .  .  . .f , g G G
G has identity element f ? g and is called the principal f , g-isotope of G.f , g
LEMMA 2. Assume that the loop H is isotopic to the loop G. Then H is
isomorphic to G for some f , g g G.f , g
 .  . . y1 y1Proof. Let H,) s G, ? a , b , g , d s ag , e s bg , and
 .  . .K, ( s G, ? d , e , i . We have the following commutative diagram:
 .a , b , g 6
G H6
,
 . . g , g , gd , e , i 6
K
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 . y1Now g , g , g is an isomorphism, so K is a loop. Let f s e d andK
g s e ey1. Now xd ( ye s x ? y, soK
xd s xd ( e ye s e ( yeK K
s xd ( ge s fd ( ye
ands x ? g s f ? y
s xR g s yL f , .  .G G
 .  .  .so d s R g and e s L f . Hence by 3 we haveG G
K s G R g , L f , i s G , .  . .G G f , g
and H is isomorphic to K.
Lemma 2 shows that to prove any fact about loops isotopic to a given
loop G, one need only examine the principal f , g-isotopes of G. In order
to prove our main result in Section 3, we shall need the following criterion
for determining when two of these are isomorphic. Here and throughout
the rest of the paper, we shall often use , for isomorphism; xy for x ? y,
 .where G s X, ? ; and R and L for R and L .G G
LEMMA 3. Let G be a loop. Then G is isomorphic to G if and only iff , g c, d
 .  .  . .  .there exists a , b , g g A G such that f , g, fg a , b , g s c, d, cd .
Proof. Assume G , G . Then there is some permutation u of Xf , g c, d
such that
G u , u , u s G . 4 .  .f , g c , d
 .Since fg and cd are the identities of G and G , respectively, fg u s cd.f , g c, d
 .  .By 3 , 4 is the same as
G R g , L f , i u , u , u s G R d , L c , i . .  .  .  .  . .  .
Hence,
y1 y1R g , L f , i u , u , u R d , L c , i g A G . .  .  .  .  .  . .  .
 .  .It is easy to see that this autotopism takes f , g, fg to c, d, cd .
 .  .  . .Conversely, suppose that a , b , g g A G and f , g, fg a , b , g s
 .c, d, cd . Then
y1 y1R g , L f , i a , b , g R d , L c , i .  .  .  .  . . .
is an isotopism from G to G , and it is easy to see that it takesf , g c, d
 .  .  .fg, fg, fg to cd, cd, cd . By part d of Lemma 1, since all three coordi-
nates of this isotopism send the identity of G to the identity of G , it isf , g c, d
an isomorphism.
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This lemma allows us to think of an isomorphism class of loops isotopic
to G as an orbit of triples in T under the action of the autotopism groupG
of G. The following corollary is immediate.
COROLLARY 4. A loop G is isomorphic to all of its loop isotopes if
 .  .and only if for all f , g g G, there exists a , b , g g A G such that
 . .  .e, e, e a , b , g s f , g, fg .
A loop which is isomorphic to all of its loop isotopes is known as a
G-loop. The following corollary is the G-loop criterion which is usually
w xgiven in the literature 2, 1, 15 .
COROLLARY 5. A loop G is a G-loop if and only if e¨ery element of G is a
companion of a left and of a right pseudo-automorphism.
Proof. If G is isomorphic to all of its loop isotopes, then for any c g G,
 .  .  . .  .there exists a , b , g g A G such that e, e, e a , b , g s e, c, c . By
Lemma 1, a is a right pseudo-automorphism with companion c. By a
similar argument c is also a companion of a left pseudo-automorphism.
Conversely, given f , g g G, let a be a right pseudo-automorphism with
companion g and let b be a left pseudo-automorphism with companion
fay1. Then the autotopism
bL fay1 , b , bL fay1 a , aR g , aR g .  . . .  . .
 .  .takes e, e, e to f , g, fg . Hence G , G .f , g
Note that if G is a group, then it is a G-loop, since for all x g G,
  .  ..   .  ..i, R x , R x and L x , i, L x are autotopisms.
3. THE MAIN RESULT
We now turn our attention to loops with transitive automorphism
groups, or tag-loops for short. Given any loop G, let
A s A G s a , a , a g A G N ea s e . 4 .  .  .i i 1 2 3 i
 .Note that A l A s Aut G whenever i / j, by Lemma 1. The subgroupsi j
 .of A G may be arranged as in Fig. 1, where a line segment denotes
inclusion of the lower subgroup in the upper.
In view of Lemma 1, the group A is of course related to the group of1
right pseudo-automorphisms P . In fact, if we let p be the projectionr 1
 .map of A G onto its first coordinates, then A p s P , and the kernel1 1 r
<  w x w xof p is isomorphic to the right nucleus of G see 5 or 15 for theA1 1
.definitions of nuclei . However, we shall not need this fact or the corre-
sponding statements for A and A .2 3
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 .FIG. 1. Subgroups of A G .
 . LEMMA 6. Let G be any loop. The right cosets of Aut G in A resp., A ,1 2
.A are in one-to-one correspondence with the elements of G which are3
 .companions of right resp., left, middle pseudo-automorphisms.
  .  ..Proof. Every element of A is of the form a , aR x , aR x , by1
  .  ..   .  ..Lemma 1. Let a , a R x , a R x and a , a R y , a R y be two1 1 1 2 2 2
 .elements of A . These are in the same right coset of Aut G if and only if1
y1
a , a R x , a R x a , a R y , a R y g Aut G . .  .  .  .  . .  .1 1 1 2 2 2
This holds if and only if all of the coordinates of this product are equal,
y1  .  .y1 y1namely, a a s a R x R y a . This holds if and only if x s y. The1 2 1 2
analogous statements for A and A are proved in the same way.2 3
COROLLARY 7. Let G be a loop with transiti¨ e automorphism group. Then
 .  .for each i s 1, 2, 3, either A s Aut G or the right cosets of Aut G in Ai i
are in one-to-one correspondence with the elements of G.
Proof. We prove the case i s 1; the others are similar. If e is the only
companion of a right pseudo-automorphism, then every element of A is1
an automorphism. If x / e is the companion of some right pseudo-auto-
  .  ..  .morphism a , then a , aR x , aR x g A G and ea s e. Given y / e in
 .  .G, choose u g Aut G such that xu s y. Then eaR x u s y, and
  .  . .au , aR x u , aR x u g A , so y is a companion of the right pseudo-1
automorphism au , by Lemma 1. Hence every element of G is such a
companion and the statement follows from Lemma 6.
The next lemma and its corollary are completely analogous to the above,
so we omit the proofs.
LEMMA 8. Let G be any loop. For each i s 1, 2, 3, the right cosets of Ai
 .in A G are in one-to-one correspondence with the elements of G which are
images of e under the i th coordinate of some autotopism.
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COROLLARY 9. Let G be a loop with transiti¨ e automorphism group. Then
 .  .for each i s 1, 2, 3, either A G s A or the right cosets of A in A G are ini i
one-to-one correspondence with the elements of G.
The two corollaries together tell us that for a tag-loop G, each subgroup
 . < <of A G in Fig. 1 has index 1 or G in the subgroup above it. Now if two
 .of the A 's have index 1 in A G , then they are equal and therefore arei
 .equal to their intersection, which is Aut G , as we remarked at the
beginning of this section. Hence all of the subgroups in Fig. 1 are equal.
This observation leaves us with possibilities for indices of subgroups as
displayed in Fig. 2. We shall show in Section 4 that examples of each of
these classes of tag-loops exist.
Note that by Corollary 5 and Lemma 6, class G consists of G-loops.
 . < <Since in this class Aut G has index G in A and in A , Lemma 6 and1 2
Corollary 7 imply that every element is a companion of a left and of a right
pseudo-automorphism.
We are now ready to prove our main result.
THEOREM 10. Any two isotopic loops with transiti¨ e automorphism groups
are isomorphic.
Proof. By Lemma 2, it suffices to show that if G is a tag-loop and Gf , g
is a tag-loop, then G , G . Fix a tag-loop G. We need only show, byf , g
FIG. 2. Classes of tag-loops.
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 .Lemma 3, that if G has tag, then G has an autotopism taking e, e, e tof , g
 .f , g, fg .
If G is in class G, it is isomorphic to all of its loop isotopes, and we are
done, so we may assume G is not in class G. We also assume, for the
  .  . .moment, that G is not in class C . Now G s G R g , L f , i , so1 f , g
y1 y1R g , L f , i Aut G R g , L f , i 5 .  .  .  .  . .  .  .f , g
 .is a subgroup of A G , whose first coordinates fix f , second coordinates
fix g, and third coordinates fix fg. Denote this subgroup by H. Since
 .Aut G is transitive, there are no other fixed points of H in anyf , g
coordinate.
 .If G in class A, then H - Aut G , so we must have f s e s g, whereby
G s G s G, and we are done. Hence we may assume that G is not inf , g e, e
 .  .class A. Then there exists a , b , g g A G such that ea s f , by Lemma
8 and Corollary 9. Then
a , b , g H ay1 , by1 , gy1 6 .  . .
 .is a subgroup of A G . Denote it by K. The first coordinates of K fix e
but act transitively on the other elements of G, so we have K - A . Since1
 .  .G is not in class G or C , we have A s Aut G , so K - Aut G , whereby1 1
every element of K fixes e in each coordinate. Looking at the second
coordinate, we see that
y1 y1ebL f Aut G L f b s e, .  . .f , g
 .  .so ebL f is a fixed point of Aut G and is hence equal to fg. Thusf , g
 . .  .eb s g, so e, e, e a , b , g s f , g, fg .
 .If G is in class C , we use a similar argument, but choose a , b , g such1
that eb s g and show that ea s f.
4. CLASSIFICATION
In this section we give a classification of tag-loops, compare it to Barlotti
and Strambach's classification of loops with sharply transitive automor-
w xphism groups 1, Corollary 17.3 , and give examples.
Recall that given a loop G, we have the set
T s T s x , y , z N x , y , z g G, xy s z . 4 .G
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We define several subsets of T :
T s e, e, e 4 .0
 4T s e, x , x N x g G _ e 4 .1
 4T s y , e, y N y g G _ e 4 .2
 4T s w , z , e N w , z g G _ e , wz s e 4 .3
T s T _ T j T j T j T . .4 0 1 2 3
 .Under the action of the autotopism group A G , for each i s 0, 1, 2, 3, the
elements of T lie in a single orbit, by the transitivity of the automorphismi
group. Recall from Section 2 that each isomorphism class of loops isotopic
to G corresponds to an orbit under this action.
 .LEMMA 11. Let G be a loop with transiti¨ e automorphism group and n G
the number of isomorphism classes of loops isotopic to G.
 .  .a If G is in class A, then n G G 5.
 .  .b If G is in class B or class C s C j C j C , then n G s 2.1 2 3
 .  .c If G is in class G, then n G s 1.
 .  .Proof. Part c merely restates that class G consists of G-loops. For a ,
note that if G is in class A, then e is fixed by each coordinate of every
autotopism. Hence no two of the sets T lie in the same orbit under thei
 .action of A G . It is easy to see that T is nonempty whenever the4
cardinality of G is at least 3. The unique loops of orders 1 and 2 are both
groups and in class G, so every loop in class A has cardinality at least 3,
 .  .  .and a follows. For b , let x , x , x g T. Pick i such that G is not in1 2 3
 .  .class C . Then there exists a , a , a g A G such that x a s e, byi 1 2 3 i i
 .Lemma 8. Hence x , x , x lies in the same orbit as either T or T . Thus1 2 3 0 i
there are at most two orbits. If there is only one, then G is a G-loop and
must, by Corollary 4 and Lemma 6, be in class G, a contradiction.
For the following classification theorem, we split class G in order to
parallel the Barlotti]Strambach classification.
THEOREM 12. Let G be a loop with transiti¨ e automorphism group and let
 .n G be the number of isomorphism classes of loops isotopic to G. G belongs
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to one of the following classes:
 .  .A G is in class A if and only if n G G 5.
 .  .B G is in class B if and only if n G s 2 and e¨ery left, right, or
middle pseudo-automorphism is an automorphism.
 .  .  .C G is in class C resp., C , C if and only if n G s 2 and e¨ery1 2 3
 .element of G is a companion of a right resp., left, middle pseudo-automor-
phism.
 .  .G G will be said to be in class G if and only if n G s 1 and G is notl l
a group.
 .G G will be said to be in class G if and only if G is a group which isg g
not the additi¨ e group of a ¨ector space o¨er a field.
 .G G will be said to be in class G if and only if G is the additi¨ e group¨ ¨
of a ¨ector space o¨er a field.
wThis theorem is essentially the Barlotti]Strambach classification 1,
xCorollary 17.3 , with ``sharply transitive'' replaced by ``transitive.'' The only
other difference is that Barlotti and Strambach classify all loops according
to whether they are isotopic to loops with sharply transitive automorphism
groups, whereas we consider only the tag-loops themselves. If we restrict
 .their classes to tag-loops, then each of our major classes is possibly larger
w xthan their corresponding classes. Using the notation of 1 and denoting
the class of all tag-loops by T, we may summarize the relationship as
I.2 l T : A
I.3 l T : B
I.4 l T : C
I.5 : Gl
7 .
II.1 s Gg
II.2 s G .¨
We now turn to some examples. We shall make use of the following
lemma:
 .  .LEMMA 13. Let G by any quasigroup and a , b , g g A G . Then for all
x, y g G,
y1 y1 y1L x L y s g L xa L ya g , 8 .  .  .  .  .
y1 y1 y1R x R y s g R xb R yb g . 9 .  .  .  .  .
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Proof. Given any z g G, write z as xa for some a. Then
y1zL x L y s ya. .  .
  .y1  .Hence L x L y can be thought of as the map which takes each entry
of the xth row of the Cayley table of G to the corresponding entry of the
.yth row. Now zg s xa ? ab , so
y1zg L xa L ya s ya ? ab .  .
s ya g .
y1s zL x L y g , .  . .
and hence
y1 y1y1g L xa L ya g s L x L y , .  .  .  .
 .  .proving 8 . The proof of 9 is analogous.
COROLLARY 14. Let G be a loop with transiti¨ e automorphism group. If
 .  .  .there exists a 9, b9, g 9 g A G such that ea 9 / e resp., such that eb9 / e ,
 .y1  .   .y1  ..then all maps L x L y resp., R x R y , with x / y are conjugates.
 .Proof. Taking x s e and letting a , b , g run through all automor-
 .  .y1  .phisms of G in 8 shows that all maps L e L y with y / e are
 .y1  .conjugate. If on the other hand we take x s ea 9, then L e L y is
 .y1  .conjugate to L x L ya 9 , and as y runs through all elements of G not
equal to e, ya 9 runs through all elements not equal to x. Finally, since x is
the image of e under an autotopism, so is every element of G, by Lemma
8 and Corollary 9. The assertion for L follows, and the proof for R is
similar.
 .We can now give the promised examples. Let G , q be the loop of5
order 5, with identity element 0, whose Cayley table is the following:
q 0 1 a b ab
0 0 1 a b ab
1 1 0 b ab a
a a ab 0 1 b
b b a ab 0 1
ab ab b 1 a 0
Readers familiar with neofields should note that this is the additive loop
.of a neofield whose multiplicative group is the Klein 4-group. Let a s
 . .  . .  .1 a b ab , b s 1 b a ab , g s a b ab . It is easy to check that
each of these maps is an automorphism of G , so G is a tag-loop. In fact,5 5
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 .these maps generate Aut G , so by a routine group-theoretic argument,5
 .  4Aut G is the set of all even permutations of 1, a, b, ab and is therefore5
isomorphic to A .4
 .y1  .We claim that G is in class A. Recall that the map L x L y takes5
the xth row of the Cayley table of G to the yth row. Then we easily see5
that
y1L 0 L 1 s 0 1 a b ab , .  .  .  .
y1L 1 L a s 1 a b 0 ab . .  .  .
Since these maps have different cycle structures, they cannot be conju-
gates. By Corollary 14, every autotopism of G fixes e in the first5
coordinate. A similar check shows that every autotopism of G fixes e in5
the second coordinate, so G is in class A.5
 .Let G , ? be the loop of order 6 with identity e whose Cayley table is6
the following:
? e 0 1 2 3 4
e e 0 1 2 3 4
0 0 e 4 3 2 1
1 1 2 e 0 4 3
2 2 4 3 e 1 0
3 3 1 0 4 e 2
4 4 3 2 1 0 e
This loop, like G , can be thought of as the ``additive'' loop of a neofield5
.whose ``multiplicative'' group is the cyclic group of order 5. If we let
 .  .a s 0 1 2 3 4 and b s 1 2 4 3 , then one can check that a
and b are automorphisms of G , so it is a tag-loop. In fact, it is not6
 .difficult to show that these two automorphisms generate Aut G . Further-6
more, one can check that
e 3 0 4 1 2 , 0 1 , e 3 0 4 1 2 .  .  .  .  .  .  . .
is an autotopism of G . Since this autotopism takes e to 3 in the first and6
third coordinates, G must, by Lemma 8 and Corollary 9, be in one of the6
classes B, G, or C . If we look at the maps2
y1R e R 0 s e 0 1 4 2 3 , .  .  .  .  .
y1R 0 R 1 s 0 1 3 e 2 4 , .  .  .  .
we see, by Corollary 14, that every autotopism of G fixes e in the second6
coordinate. Hence G must be in class C .6 2
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We can get an example of a loop in class C by taking the ``transpose''1
of G . It is clear what this means in terms of the Cayley table. Alge-6
braically, we take the quasigroup with the same elements as G , with a6
new multiplication ( given by
x ? y s z m y( x s z . 10 .
This quasigroup will still be a loop with the same identity, will still have tag
since the automorphisms are the same, and will be in class C . Similarly,1
we can get an example of a loop in class C by taking the ``column3
w xadjugate'' of G 11 . This is defined as the quasigroup with multiplication6
) given by
x ? y s z m x) z s y. 11 .
This will still be a loop with identity e since G satisfies the identity6
x ? x s e for all x g G. Its automorphisms are the same as those of G ,6
and it is in class C .3
We shall have to work much harder to construct an example of a loop
from class B. We shall first construct a quasigroup isotopic to such a loop
and then use the properties of this quasigroup to show that the loop is in
class B. Let V be a vector space of dimension 3 over F , the field of two2
 4elements. Define a binary operation ) on Q s V _ 0 by7
x q y if x / y
x) y s  x if x s y.
 .This operation makes Q , ) a quasigroup. Given a basis of V, the7
coordinates of an element of Q can be thought of as a binary number. If7
we label the elements of Q by the decimal equivalents of these binary7
  . .numbers e.g., 1, 0, 1 l 5 , we get the following multiplication table
for Q :7
) 1 2 3 4 5 6 7
1 1 3 2 5 4 7 6
2 3 2 1 6 7 4 5
3 2 1 3 7 6 5 4
4 5 6 7 4 1 2 3
5 4 7 6 1 5 3 2
6 7 4 5 2 3 6 1
7 6 5 4 3 2 1 7
It is easy to see that a bijection s : Q ª Q is an automorphism if and7 7
only if the extension of s to all of V gotten by taking 0s s 0 is an
 .automorphism of V, that is, an element of PSL 3, 2 . We claim that every
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 .autotopism of Q is such an automorphism. To see this, let a , b , g g7
 .  4  4A Q . Since a is a bijection, for some x g 4, 5, 6, 7 the set 1a , 2a , xa7
 4  .is a basis of V. Since 1, 2, x is also a basis, there exists d g PSL 3, 2 such
 .that 1ad s 1, 2ad s 2, and xad s x. By replacing a , b , g with
 .ad , bd , gd , we may assume without loss of generality that a fixes 1, 2,
 .and x. If we let e g PSL 3, 2 be the element which fixes 1 and 2 and takes
 .  y1 y1 y1 .x to 4, then replacing a , b , g with e ae , e be , e ge , we may assume
 .without loss of generality that a fixes 1, 2, and 4. Applying 8 twice gives
us
y1 y1y1g L 1 L 2 g s L 1 L 2 s 1 3 2 5 6 4 7 .  .  .  .  .  .  .
y1 y1y1g L 1 L 4 g s L 1 L 4 s 1 4 5 2 6 3 7 . .  .  .  .  .  .  .
Since g commutes with both of these permutations, consideration of the
cycle structures easily leads to the conclusion that g is the identity
 .permutation. Applying a , b , g to the equation 1) x s y gives 1) xb s y,
so b is also the identity, from which it similarly follows that a is the
 .  .identity. Hence a , b , g g Aut Q , proving our claim.7
 . . .Now we construct the sought-after loop. Let b s 2 3 4 5 6 7 ,
 .  .and define G as the isotope of Q by b , b , i , that is, G , ? s7 7 7
 . .Q , ) b , b , i . Then the multiplication table of G is7 7
? 1 2 3 4 5 6 7
1 1 2 3 4 5 6 7
2 2 3 1 6 7 4 5
3 3 1 2 7 6 5 4
4 4 6 7 5 1 2 3
5 5 7 6 1 4 3 2
6 6 4 5 2 3 7 1
7 7 5 4 3 2 1 6
Hence, G is a loop with identity 1. The autotopisms of G are all of the7 7
form
y1
b , b , i a , a , a b , b , i , 13 .  .  .  .
 . y1 where a g PSL 3, 2 . Now 1b ab s 1 if and only if 1a s 1, so any left,
.right, or middle pseudo-automorphism of G is an automorphism, by7
 .Lemma 1. On the other hand, PSL 3, 2 is doubly transitive on the
 .elements of Q . This implies that the set of autotopisms from 13 with7
 .1a s 1, namely Aut G , is transitive on the elements not equal to 1,7
whereby G is a tag-loop. Furthermore, for every x g G there is an7 7
autotopism of G taking 1 to x in the third coordinate. Hence G must be7 7
in class B.
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This example was inspired by the classification of Steiner triple systems
w xwith doubly transitive automorphism groups given by Hall in 8 . Q is7
equivalent to such a Steiner triple system. In fact, one can show that any
loop G g B is isotopic to some quasigroup Q which is idempotent, has
doubly transitive automorphism group, and has no autotopisms other than
automorphisms. If Q is totally symmetric i.e., satisfies the identities
 . .xy s yx and x xy s y , then it is equivalent to a Steiner triple system with
w xdoubly transitive automorphism group 15, Theorem V.1.11 . However,
I do not know whether any examples of loops in class B arise from
quasigroups which are not totally symmetric.
Since any vector space over a field is an abelian group with transitive
automorphism group, we have examples of loops in class G . Neumann¨
used free products with amalgamation to construct infinite groups G such
w xthat all nonidentity elements of G are conjugate 13 . For such G, then,
the inner automorphisms are transitive, so we have examples of class G .g
I do not know of any examples of class G .l
Note that our examples G g A, G g B, and G g C have automor-5 7 6
phism groups which are doubly transitive on nonidentity elements. Hence
I.3 l T / A
I.3 l T / B 14 .
I.4 l T / C .
Barlotti and Strambach point out that there are many examples of loops in
class I.2, but they do not have examples of classes I.3, I.4, or I.5, so we are
 w x.left with several questions cf. 1, pp. 99]102 . Are the classes I.3 and I.4
empty? In other words, do there exist loops in classes B and C with
sharply transitive automorphism groups? Is G empty, or are there tag-loopsl
which are G-loops but not groups? If G is nonempty, does it containl
 .only loops with sharply transitive automorphism groups?
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